In the classical Lagrangian approach to conservation laws of gauge-natural field theories a suitable (vector) density is known to generate the so-called conserved Noether currents. It turns out that along any section of the relevant gauge-natural bundle this density is the divergence of a skew-symmetric (tensor) density, which is called a superpotential for the conserved currents.
Introduction
Our framework is the calculus of variations on finite order fibered manifolds. In the classical Lagrangian formulation of field theories the description of symmetries amounts to define a suitable vector density which generates the conserved currents; this density is found to be the divergence of a skew-symmetric tensor density, which is called a superpotential for the conserved currents (see e.g. [2, 4] and references quoted therein).
It is well known that symmetries enable us to better understand the structure of physical theories. It is also known that in general physical fields are not natural objects, i.e. there is no canonical way of associating a transformation of the relevant configuration bundle to each diffeomorphism of its basis (conventionally "space-time"). In order to apply Noether's theorems to provide conserved quantities (like energy, momentum and angular momentum) for these theories we thence need further structures to provide an operative definition of the notion of "horizontal" symmetries. On the other hand, "vertical" symmetries are associated to others conserved quantities, like e.g. "charges" in gauge theories.
The gauge-natural setting [1, 2, 11, 13] is the most suitable one for an exhaustive description of this physical situation. Gauge-natural bundles of any given order, turn out to be fiber bundles associated to a suitable prolongation of a principal bundle P with an arbitrary structure group G [1, 13] . The "structure bundle" P encodes global properties of the group of so-called gauge transformations so that a canonical treatment of gauge symmetries can be achieved. In previously existing frameworks symmetries were, in fact, defined as forming an arbitrary (often unspecified) subgroup of automorphisms of the associated bundle. On the contrary, in a gauge-natural theory the existence of preferred gauge-natural lifts of automorphisms of P implies that the very knowledge of the structure bundle P of the associated bundle allows a suitable unifying description of gauge invariance and covariance properties, thence of conserved quantities.
The subgroup of so-called pure gauge transformations corresponds to vertical automorphisms of the structure bundle P . However, there is no canonical way to define a complementary subgroup of horizontal automorphisms. Dynamical connections over the structure bundle (i.e. connections over the configuration bundle induced by principal connections over P together with linear connections over the frame bundle L(X)) enable us to define the infinitesimal horizontal transformations which are related to conserved quantities such as energy, momentum and angular momentum. Dynamical connections can also be used to solve some ambiguities in the definition of the Poincaré-Cartan morphism, conserved currents and superpotentials [8, 27] .
Following [20, 21] , we consider one of the recent geometrical formulations of the Calculus of Variations on finite order jets of fibered manifolds. As it is well known, in this formulation the variational sequence is defined as a quotient of the de Rham sequence on a finite order jet space with respect to an intrinsically defined subsequence, the "contact" subsequence, so that only "variationally relevant" objects are defined there (see e.g. [24, 26, 27] ).
In a previous work [8] we already provided a description of superpotentials in the framework of variational sequences for natural field theories. In this paper we shall generalize these results to the much larger class of gauge-natural theories, showing how the (non-natural) added structure reflects into the framework. We make use of the representation of the quotient sheaves of the variational sequence as concrete sheaves of forms given in [27] and of previous results of ours on variational Lie derivatives which provide suitable formulations of Noether's Theorems [7] . Furthermore, we refer to some abstract results concerning global decomposition formulae of morphisms, involved with the integration by parts procedure [10, 16, 17] . In order to apply this results, we stress linearity properties of the Lie derivative operator, which rely on properties of the gauge-natural lift of principal automorphisms. In this way we provide an intrinsic proof of existence and globality of superpotentials for gauge-natural theories.
Here, manifolds and maps between manifolds are C ∞ . All morphisms of fibered manifolds (and hence bundles) will be morphisms over the identity of the base manifold, unless otherwise specified. As for sheaves, we will use the definitions and the main results given in [28] .
Jet spaces and variational sequences
In this Section we recall some basic facts about jet spaces [3, 23, 25 ] and Krupka's formulation of the finite order variational sequence [20, 27] .
Jet spaces
Here we introduce jet spaces of a fibered manifold and the sheaves of forms on the r-th order jet space. Moreover, we recall the notion of horizontal and vertical differential [25] .
Our framework is a fibered manifold π : Y → X, with dim X = n and dim Y = n + m.
For r ≥ 0 we are concerned with the r-jet space JrY ; in particular, we set J0Y ≡ Y . We recall the natural fiberings π r s : JrY → JsY , r ≥ s, π r : JrY → X, and, among these, the affine fiberings π r r−1 . We denote with V Y the vector subbundle of the tangent bundle T Y of vectors on Y which are vertical with respect to the fibering π.
Charts on Y adapted to π are denoted by (x σ , y i ). Greek indices σ, µ, . . . run from 1 to n and they label base coordinates, while Latin indices i, j, . . . run from 1 to m and label fibre coordinates, unless otherwise specified. We denote by (∂σ, ∂i) and (d σ , d i ) the local bases of vector fields and 1-forms on Y induced by an adapted chart, respectively.
We denote multi-indices of dimension n by boldface Greek letters such as α = (α1, . . . , αn), with 0 ≤ αµ, µ = 1, . . . , n; by an abuse of notation, we denote with σ the multi-index such that αµ = 0, if µ = σ, αµ = 1, if µ = σ. We also set |α| := α1 + · · · + αn and α! := α1! . . . αn!.
The charts induced on JrY are denoted by (x σ , y In the theory of variational sequences a fundamental role is played by the contact maps on jet spaces (see [3, 20, 21, 23] ). Namely, for r ≥ 1, we consider the natural complementary fibered morphisms over JrY → Jr−1Y
with coordinate expressions, for 0 ≤ |α| ≤ r − 1, given by
We have
where
If f : JrY → IR is a function, then we set Dσf := Dσf , Dα+σf := DσDαf , where Dσ is the standard formal derivative. Given a vector field Z : JrY → T JrY , the splitting (1) yields Z •π
The splitting (1) induces also a decomposition of the exterior differential on Y , (π r+1 r ) * • d = dH + dV , where dH and dV are defined to be the horizontal and vertical differential . The action of dH and dV on functions and 1-forms on JrY uniquely characterizes dH and dV (see, e.g., [25, 27] for more details).
A projectable vector field on Y is defined to be a pair (Ξ, ξ), where Ξ : Y → T Y and ξ : X → T X are vector fields and Ξ is a fibered morphism over ξ. If there is no danger of confusion, we will denote simply by Ξ a projectable vector field (Ξ, ξ).
A projectable vector field (Ξ, ξ), with coordinate expression Ξ = ξ σ ∂σ + ξ i ∂i, ξ = ξ σ ∂σ, can be conveniently prolonged to a projectable vector field (jrΞ, ξ), whose coordinate expression turns out to be
where β = 0 and 0 ≤ |α| ≤ r (see [23, 25] ); in particular, we have the following
From now on, by an abuse of notation, we will write simply jrΞH and jrΞV .
Variational sequences
We shall be here concerned with some distinguished sheaves of forms on jet spaces [3, 20, 21, 25, 27] . Due to the topological triviality of the fibre of JrY → Y , we will consider sheaves on JrY with respect to the topology generated by open sets of the kind (π with values into
JrY . According to [27] , the fibered splitting (1) yields the sheaf splitting
, where H p h r+1 := h(Λ p r ) for 0 < p ≤ n and h is defined to be the restriction to Λ p r of the projection of the above splitting onto the non-trivial summand with the highest value of t. We define also the map v := id − h.
We recall now the theory of variational sequences on finite order jet spaces, as it was developed by Krupka in [20] .
By an abuse of notation, let us denote by d ker h the sheaf generated by the presheaf d ker h (see [28] ). We set Θ * r := ker h + d ker h. In [20] it was proved that the following diagram is commutative and that its rows and columns are exact:
The top row of the above diagram is said to be the contact sequence; the bottom row is said to be the r-th order variational sequence associated with the fibered manifold Y → X.
Notice that, in general, the highest integer I depends on the dimension of the fibers of JrY → X.
We can consider the 'short' variational sequence:
where the sheaves V p r with 0 ≤ p ≤ n + 2 can be conveniently represented as shown in [27] . By means of this representation, in [7] we gave a suitable formulation of Noether's Theorem which will be useful in the sequel.
Remark 1
We recall that a section λ ∈ Vnr is just a Lagrangian of order (r + 1) of the standard literature. Furthermore, En(λ) ∈ V n+1 r coincides with the standard higher order Euler-Lagrange morphism associated with λ.
Gauge-natural Lagrangian theories
We recall that in gauge-natural physical theories the fields are assumed to be sections of gauge-natural bundles, so that right-invariant automorphisms of the structure bundle P define uniquely the transformation laws of the fields themselves (see e.g. [1, 13] ). In the following, we shall develop a geometrical setting which enables us to define and investigate the physically fundamental concept of conserved quantity in gauge-natural theories.
Gauge-natural prolongations
First we shall recall some basic definitions and properties concerning gauge-natural prolongations of (structure) principal bundles.
Let P → X be a principal bundle with structure group G. Let r ≤ k and
the semidirect product with respect to the action of GL k (n) on JrG given by the jet composition and GL k (n) is the group of k-frames in IR n . Elements of W (r,k) P are given by (j x r γ, j 0 k t), with γ : X → P a local section, t : IR n → X locally invertible at zero, with
Remark 2 W (r,k) P is a principal bundle over X with structure group W (r,k) G. The right action of W (r,k) G on the fibers of W (r,k) P is defined by the composition of jets (see, e.g., [11, 13] ).
Definition 2
The principal bundle W (r,k) P is said to be the gauge-natural prolongation of order (r, k) of P . W (r,k) G is said to be the gauge-natural prolongation of order (r, k) of G.
Remark 3 Let (Φ, φ) be a principal automorphism of P [13] . It can be prolonged in a natural way to a principal automorphism of W (r,k) P , defined by:
The induced automorphism W (r,k) (Φ, φ) is an equivariant automorphism of W (r,k) P with respect to the action of the structure group W (r,k) G. We shall simply denote it by the same symbol Φ, if there is no danger of confusion.
Definition 3
We define the vector bundle over X of right-invariant infinitesimal automorphisms of P by setting A = T P /G.
We also define the vector bundle over X of right invariant infinitesimal automorphisms of
Remark 4 We have the following projections
Example 1 Let (P , X, π; G) be a principal bundle and (Uα, γ (α) ) a trivialization. The infinitesimal generator of the flow (Φt, φt) is then given by
where ρA is a pointwise basis of vertical right-invariant vector fields on P and x ∈ X.
, (Φt; φt) ∈ Aut(P ) being a 1-parameter flow of automorphisms of P and TA = T a A ∂ (e) a ∈ TeG being a basis of the Lie algebra g ≡ TeG.
Example 2 Let Ξ be a right invariant vector field on P with structure group G = GL(m). The coordinate expression of the gauge-natural prolonged right-invariant vector fieldΞ in A (1, 1) are given by (see [2] )
where ρ 
Gauge-natural bundles
We recall that gauge-natural bundles are always of a finite order (r, k) [1] . They are (isomorphic to) bundles associated to principal prolongations of principal bundles, so that the study of gauge-natural bundles can be reduced to the representation theory of the Lie groups W (r,k) G (see [1] and references quoted in [13] ). Let F be any manifold and ζ :
There is a naturally defined rigth action of W (r,k) G on W (r,k) P × F so that we can associate in a standard way to W (r,k) P the bundle, on the given basis X,
Definition 4
We say (Y ζ , X, π ζ ; F , G) to be the gauge-natural bundle of order (r, k) associated to the principal bundle W (r,k) P by means of the left action ζ of the group W (r,k) G on the manifold F .
Remark 5 A principal automorphism Φ of W (r,k) P induces an automorphism of the gauge-natural bundle by:
wheref ∈ F and [·, ·] ζ is the equivalence class induced by the action ζ.
Example 3
The associated bundle W (1,1) P ×µ (IR n ⊕ g), where µ is the natural action of J1G ⊙ GL(n) over (IR n ⊕ g), is a gauge-natural bundle of order (1, 1). A given automorphism of the principal bundle P acts on W (1,1) P ×µ IR n ⊕ g by means of the canonical action of Aut(P ). Global section of W (1,1) P ×µ (IR n ⊕ g) are in a one-to-one correspondence with right-invariant infinitesimal automorphisms of P . In fact it is easy to prove that W (1,1) P ×µ (IR n ⊕ g) is a vector bundle (see [2, 11] ) and that the isomorphism W (1,1) P ×µ (IR n ⊕ g) ≃ A holds true.
Gauge-natural lift
Denote by TX and A (r,k) the sheaf of vector fields on X and the sheaf of right invariant vector fields on W (r,k) P , respectively. From now on we assume a functorial mapping is defined which lifts any rightinvariant local automorphism (Φ, φ) of the principal bundle W (r,k) P into a unique local automorphism (Φ ζ , φ) of the associated bundle Y ζ . This lifting depends linearly on derivatives of ξ A and ξ µ up to order r and k, respectively. Its infinitesimal version associates to anyΞ ∈ A (r,k) , projectable over ξ ∈ TX , a unique projectable vector field Ξ := N (Ξ) on Y ζ in the following way:
where, for any y ∈ Y ζ , one sets:
[(Φ ζ t )(y)]t=0, and Φ ζ t denotes the (local) flow corresponding to the gauge-natural lift of Φt.
This mapping fulfils the following properties:
1. N is linear over idY ζ ;
we have
3. for any pair (Λ,Ξ) of vector fields in A (r,k) , we have
we have the coordinate expression of
with 0 < |ν| < k, 1 < |λ| < r and Z 
Principal connections
Let (P , X, π; G) be a principal fiber bundle. Vertical vector fields on P are intrinsic objects, while the notion of horizontal vector fields on P is given by means of a principal connection on P (see [13] ).
It is well known that a principal connection over P can be represented by means of a g-valued 1-form ω over P , g being the Lie algebra of the Lie group G. This form has, locally, the coordinate expression:
. A principal connection on P induces a splitting of the exact sequence of vector bundles over X:
so that we have the (non-canonical) isomorphism A ≃ V P /G ⊕ T X. Let ω be a principal connection on P . An infinitesimal automorphism of P is then given in the splitted form
We shall respectively indicate by Ξv and Ξ h the vertical and horizontal components of Ξ with respect to the principal connection ω; furthermore we shall write ξ
By a straightforward but tedious coordinate calculus it is easy to verify the following (see also [14] , [15] Proposition 4, and references quoted therein).
Lemma 1 Let ω be a principal connection on P and Γ a linear symmetric connection on L(X). Letω ≡ W
(r,k) (ω, Γ) be the connection induced on W (r,k) P by the gaugenatural prolongation functor. Thenω is a principal connection on W (r,k) P .
Then we have the following:
Proposition 1 Let ω be a principal connection on P and Γ a linear symmetric connection on L(X) such thatω is the prolongation of ω with respect to Γ in the sense of [14] . A global, non-canonical, isomorphism holds:
Proof. The gauge-natural lift of the splitting of Ξ by means of ω corresponds to the splitting ofΞ by means of the induced principal connectionω on W (r,k) P depending on (ω, Γ). This specifies the isomorphism. 
Lie derivative
Let γ be a (local) section of Y ζ ,Ξ ∈ A (r,k) andΞ its gauge-natural lift. Following [13] we define a (local) section £Ξγ : X → V Y ζ , by setting: £Ξγ = T γ • ξ −Ξ • γ.
Definition 6
The (local) section £Ξγ is called the generalized Lie derivative of γ along the vector fieldΞ.
Remark 6 This section is a vertical prolongation of γ, i.e. it satisfies the property:
Remark 7 The Lie derivative operator satisfies the following properties: 1. for any vector fieldΞ ∈ A (r,k) , the mapping γ → £Ξγ is a first-order quasilinear differential operator; 2. for any local section γ of Y ζ , the mappingΞ → £Ξγ is a linear differential operator depending on the derivatives of ξ A up to order r and on the derivatives of ξ µ up to order k, respectively; 
Gauge-natural Lagrangians and their symmetries
We consider now a projectable vector field (Ξ, ξ) on Y ζ and take into account the Lie derivative with respect to its prolongation jsΞ. Such a prolonged vector field preserves the fiberings; hence it preserves the natural splitting (1). It is known [7] that the standard Lie derivative operator with respect to the r-th prolongation jsΞ of a projectable vector field (Ξ, ξ) on Y ζ passes to the quotient spaces Λ p s /Θ p s so that it can be represented by an operator (the variational Lie derivative) on the sheaves of the short variational sequence associated with Y ζ . In the case p = n we have in particular
where p d V λ is a momentum associated to λ (see [3, 7, 27] ) and the subscript V here means the vertical component with respect to the natural splitting (1). Variational Lie derivatives allow us to compute 'variationally relevant' infinitesimal symmetries of Lagrangians in the variational sequence.
Definition 7 Let (Ξ, ξ) be a projectable vector field on Y ζ . Let λ ∈ V n s be a generalized Lagrangian. We sayΞ to be a symmetry of λ if L j s+1Ξ λ = 0.
We say λ to be a gauge-natural Lagrangian if the lift (Ξ, ξ) of any vector field Ξ ∈ A (r,k) is a symmetry for λ, i.e. if L j s+1Ξ λ = 0. In this case the projectable vector fieldΞ ≡ N (Ξ) is called a gauge-natural symmetry of λ.
Remark 8
We can regard £Ξ : J1Y ζ → V Y ζ as a morphism over the basis X. In this case it is meaningful to consider the (standard) prolongation of £Ξ, denoted by js£Ξ : Js+1Y ζ → V JsY ζ , where we made use of the isomorphism (iii) recalled in Remark 7.
Symmetries of a Lagrangian λ are calculated by means of Noether's Theorem, which takes a particularly interesting form in the case of gauge-natural Lagrangians.
Theorem 1 (Noether's Theorem for gauge-natural Lagrangians) Let λ ∈ V n s be a gauge-natural Lagrangian and (Ξ, ξ) a gauge-natural symmetry of λ. Then by (10) we have
Suppose that the section σ : X → Y ζ fulfills the condition
Then, the (n − 1)-form
Remark 9 If σ is a critical section for E (λ), i.e. (j2s+1σ) * E (λ) = 0, the above equation admits a physical interpretation as a weak conservation law for the density associated with ǫ.
Definition 8 Let λ ∈ V n s be a gauge-natural Lagrangian andΞ ∈ A (r,k) . Then the sheaf morphism ǫ is said to be a gauge-natural conserved current.
Remark 10
In general, this conserved current is not uniquely defined. In fact, it depends on the choice of p d V λ , which is not unique (see [27] and references quoted therein). Moreover, we could add to the conserved current any form β ∈ V n−1 2s which is variationally closed, i.e. such that En−1(β) = 0 holds. The form β is locally of the type β = dH γ, where γ ∈ V n−2 2s+1 . Proposition 1 enables us to state a technical lemma which will be useful in the sequel. 
We can uniquely write α as
Proof. This is a naturality property of DH which follows from the linearity of DH α with respect to the fibering Js+1Y ζ × X
Js+1A
(r,k) → Js+1Y ζ , the noncanonical isomorphism (8) and the isomorphisms JsT X ×
QED
We stress that the above result depends on a non-canonical isomorphism and specifically on the choice of (ω, Γ).
∧ T * X be a conserved current. As an immediate consequence of the above lemma we have that, making use of (14), we can regard ǫ as the equivalent morphism ǫ :
∧ T * X).
Superpotentials
As is well known in gauge-natural lagrangian theories [2] , performing covariant integrations by parts enables us to decompose the current ǫ into the sum of the so-called reduced current and the formal divergence of a skew-symmetric tensor density called superpotential (which is defined modulo a divergence). Conservation laws which occur in gauge-natural theories are strong laws, i.e. they hold along any (not necessarily critical) section of the bundle. Along critical sections the reduced current vanishes identically so that the current ǫ is not only closed, but it is also exact along solutions of the Euler-Lagrange equations.
Remark 12 Let λ be a gauge-natural Lagrangian. By the linearity of £ with respect to the vector bundle structure
In the following we shall give the main result which enables us to describe gaugenatural superpotentials in the short variational sequence. We shall apply to the 'total' space Y ζ × X (V P /G) × X T X a standard result concerning the integration by parts procedure involved in variational formulae (see e.g. [7, 8, 27] ).
The following Lemma is an application of an abstract result due to Kolář and Horák [10, 17] concerning a global decomposition formula for suitable morphisms.
and let DH µ = 0. We regard µ as the extended morphismμ :
Then we have globallŷ
locally, Fμ = DH Mμ, with
Proof. Eμ and DH Mμ can be evaluated by means of backwards procedures (see e.g. [3, 16] ).
QED

Remark 13
In general there is no uniquely determined Mμ. In fact it can be proved that a linear symmetric connection on X yields a distinguished choice of Mμ in analogy to [16] , Prop. 1; see also [3, 6] .
Theorem 2 Letμ be of the type
then the following decomposition formula holds
Proof. We take into account that DH µ is obviously vanishing, then the result is a straightforward consequence of Lemma 3 with p = n.
QED
Remark 14
For any (Ξ, ξ), the morphismμ ≡ E (µ((Ξ, ξ))) is identically vanishing. So, we have µ = DHǫ. We stress that these are just the generalized Bianchi identities.
Definition 9
The formǫ is said to be a reduced current.
Remark 15
If the coordinate expression of µ is given by 
Eq. (16) is referred as a gauge-natural 'strong conservation law' for the density ǫ −ǫ.
We can now state the following main result about the existence (and globality) of gauge-natural superpotentials in the framework of variational sequences. such that
Proof. 1. (local existence) By applying Lemma 2, we can consider
then we take eq. (16) 
where ǫ −ǫ is vanishing because of a uniqueness argument. Globality follows from Lemma 3 for p = n − 1.
QED
Definition 10
We define the sheaf morphism η to be a gauge-natural superpotential of λ.
Remark 16
As a consequence of Remarks 10 and 13, superpotentials are not defined uniquely. In fact the choice of linear symmetric connections over X generally yields distinguished superpotentials.
Remark 17 Theorem 3 is based essentially on the vector bundle structure of A (r,k) . It is noteworthy that the non-canonical splitting (8) induces a decomposition of variational objects like conserved currents and superpotentials. This decomposition is not natural (see [1] ) and the choice of a dynamical connection, i.e. a connection depending on physical fields together with their derivatives, turns out to be the physically most significant one.
We shall respectively denote by
the "horizontal" (i.e. "natural") part and by
the "vertical" (i.e. "gauge") part of the conserved current ǫ with respect to any noncanonical splitting. We shall respectively denote by η h and by ηv the "horizontal" (i.e. "natural") and the "vertical" (i.e. "gauge") part of the superpotential with respect to any noncanonical splitting.
An example of application
In this Section we shall show how the formalism developed here enables us to obtain in a very straightforward way well known results concerning conserved quantities in the case of Einstein-Yang-Mills theories (see e.g. [2, 9] and references therein).
Let λ ∈ Vnr. Then the following coordinate expressions hold:
It is known (see e.g. [16] ) that 
Furthermore, E (λ)i = |α|≤r (−1) |α| Dα(dV λ)
Let (P , X, π; G) be a principal bundle, g a metric on X, k an ad-invariant metric on G. Let ω be a principal connection and F its g-valued curvature 2-form.
Let us now take the gauge-natural bundle Y = Lor(X) × X C, where Lor(X) is the bundle of Lorentzian metrics over space-time X and C is the affine bundle of principal connections ω over P , whose associated vector bundle is the tensor product bundle T * X ⊗V P /G [9] . Local coordinates on Y are given by x µ , g µν , ω 
where λH = − 1 2κ
√ gg αβ R αβ is the Einstein Lagrangian, R αβ is the (formal) Ricci tensor of the metric g given by R αβ := R Let Ξ be a generator of automorphisms of P . From (17) and (18), by means of (19) - (21), we get
where A . Here and in the sequel ∇µ denotes the (formal) covariant metric derivative with respect to g. As it is usual in General Relativity, all expressions in terms of Dµ have an equivalent counterpart in terms of ∇µ.
A "horizontal" superpotential is given by:
which is essentially the Komar superpotential [18] . Furthermore, we have 
Then there exists a "vertical" superpotential, given by:
Remark 18 Notice that here the splitting of the current and of the superpotential is due to the fact that the bundle Y is split from the beginning.
